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Abst ract - - In  this paper, two families of integrals that axe generalisations of the radiation field 
integrals are considered: 
I~,~(T, a,b) = o~2 + (~2 + 1)X dad,, and 
o , +1)  
,,v ~ , a :~ +/~'  + 1 dadl3, 
where #,~,A and A~ are arbitrary constants except hat ~ ~ 0 , -1 , -2 , . . . ,  and ~b(tz,~;x) is the 
confluent hypergeometric function of the first kind. They are expressed in the form of an infinite series 
and the corresponding coefficients are evaluated. Some particular cases axe mentioned. Algorithms for 
the tabulation of these integrals axe developed and tables (with better precision than those available 
in the literature) for numerical values have been obtained for some parameter values. 
Keywords - -A lgor i thms,  Radiation fields, Hypergeometric, Tables, Integrals, Legendre polyno- 
mial. 
1. INTRODUCTION 
In several problems, involving calculat ions of the response of an isotropic detector  to radiat ion 
of a rb i t rary  angular d istr ibut ion from uniform sources, we encounter family of integrals [1] 
f s  cosys  Pt(cos 0), and (1) 
s ds -~t/cosO -ge  , (2) 
where 9 is obl iquity with respect o an angle perpendicular  to the plane containing the rectangu- 
lar rad iant  surface s, r is the distance from the detector  to an element of source area ds, ~ is the 
at tenuat ion  coefficient, and t is the barr ier  thickness, Pt(x) are the Legendre polynomials.  Inte- 
grals of type (1) are found in the problems associated to the Legendre expansion representat ions 
of rad iat ion direct ional  distr ibut ions.  Exponent ia l ly  a t tenuated radiat ion from a plane isotropic 
rectangular  source generates the integrals of type (2). 
The unscattered radiat ion component  from a plane isotropic rectangular  source in an exponen- 
t ia l ly  a t tenuat ing  medium is defined by [1] 
a ~ ds - r /cose (3) I°(T,a,b) = ~ r-~ e 
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where 7 is the thickness of the layers of material between the primary source and the detector, 
and a is the surface density of the radioactive material. By expanding the exponential in a series 
and by performing termwise integration, equation (3) can be written in the form 
oo 
a Z qn(a, b)v n, (4) IO(T, a, b) = -~ 
n~O 
where the qn(a, b) are geometry dependent coefficients. In Cartesian coordinates, equation (3) 
assumes the form 
I°(r 'a 'b)  = ~ o~  +/3 2 + 1 dl3d~. (5) 
Different generalisations of (5) have been given by several authors in the literature [2-8]. An ex- 
pression more general than equation (5) has been considered by Kalla, Leubner and A1-Saqabi [9], 
in the following form 
I (r, a, b) = + + as. (6) 
Further, these authors have established that 
~-~(-1,) n ( n 1 1 3 3 ) 
io(r ,a ,b ) _= __ab . _a TnF2 V '2 '  2; 2' ;--a2' -b2 (7) 
16 r n: 2 2 ' n~0 
where F2 is the Appell's hypergeometric function of two variables [10]: 
OL t ( )m+n(f0 (Z )n 
F2(a, j3, j3';"/;x,y) -~ ~ ('y)m("/')nmin! xmyn' Izl + ]Yl < 1, (8) 
m1?~ 
while its integral representation is given by, 
1 ~01~01 F2(a'~'/3';%~/';x'Y) = B(I~,~ - 13)B(/3','f - 13') Uf~-i(1 -- U)~f-~-i v/~'-I 
X (1 -- v)~'-fr- l (1 -- UX -- vy ) -adudv ,  
Re(q) > Re(fl) > 0, Re('y') > Re(/3') > O. (9) 
Hubbel et al. [1] have deduce that 
Pda,  b) = + + 1)-a/ pe + + 1 
where Pc(a, b) describes the response of an omnidirectional radiation detector at a prescribed 
height directly over a plane anisotropic rectangular source. 
The object in this paper is to consider two separate generalisations of (5) denoted as I~,~,(T, a, b) 
and v)'.)".,,~, ,-, (- a, b). They are expressed in the form of an infinite series and the corresponding 
coefficients )~ )"a' Q, ,,,~,(a, b) and O,%,,~,(a, b) are evaluated. Some particular cases are mentioned. The 
results given earlier by Hubbell, Bach and Larnkin [1], Kalla, Leubner and A1-Saqabi [9], and 
by Gabutti, Kalla and Hubbell [2] follow as special eases of our results. Algorithms for the 
tabulation of these generalised radiation integrals are given. Some tables of numerieal values of 
the coefficients and P~,~,(a, b) are given. The numerical values given by [1] coincides with our 
tables, bug our results are with better precision. It is to be pointed out here, that there seems to 
be an error in [1, (47), p. 136] since this is a special case of equation (21) when ,~ = 1, and error 
in [9, (28), p. 408] where the corrected formula is given by equation (52). 
Sections 2 and 3 deal with the generalisations I~,v(T, a, b) and v.~,.V. ,~, ~,,(~ a, b), respectively. Spe- 
cial eases are given in Section 4. Section 5 concludes the work with computer algorithms and 
tables. 
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2. A GENERAL ISED FAMILY  OF  RADIAT ION INTEGRALS 
We consider the family of integrals 
/0bi0aC(#,U;--Tx/a2+(, 32+ 1) "x) I2,~,(T, a, b) = 42 + (~2 + 1)a dadl3, (11) 
where #,u, and A are arbitrary constants except that /] ~ 0 , -1 , -2 , . . . ,  and ¢(#, u; x) is the 
confluent hypergeometric function of the first kind [11]. 
(.)~ x ~ 
¢("" ;  ~) = Y:~ (~)~ n!" (12) 
n~0 
Equation (11) can be written in the form: 
co 
I2,~.(T,a,b) = E )' '~ Qn,~,,,,(a, b)r , (13) 
n=0 
where 
/o /o o -, x [a2 + (~2 + 1) dadl3. (14) Qn,~,.(a,b) = (--1)n (#)n n! (u)~ 
Consider the integral I, 
] I = a2 + (~2 + 1)x (n/2)-1 dad, .  (15) 
This integral may be evaluated by making the change of variable a = (~2 + 1)~/2tan0 which 
leads to, 
fo b(z 2 fO ~ I = + 1) M2(n-1) secnO dO d~, 
where  
¢ = tan- 1 ( (B2 d2a-1),V2) •
Special values of equation (14) are given by, 
tan- 1 a (Z2 + 1)~/2 dZ, 
+ 032 + 1) ~ sinh_ i a ~ &3, 
2 (f7 2 + 1)~/2 ] 
fob 1 Qo,~,~(a, b) = (132 + 1),V2 
b 
- -  fo sinh-1 d~, Ql,.,u(a, b) = "  a v (~2 + 1),V2 
A Q2,,,~,(a, b) -- ab(#)2 
2!(/])2 ' 
Qa,,,~,(a, b) - - ( , )3  ax/a 2 + (/~2 + 1)A 
3!(/])3 2 
) a 1) ~ Q4,,,~(,b) - ( . )4  4v.-~4 + a (B2 + &3. 
(16) 
(17) 
(18) 
(19) 
(2o) 
(21) 
(22) 
GENERALISED FORM OF Pt(a, b). Let us consider a generalized form of Pt(a, b) in the following 
form 
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where Pt(x) is the well known Legendre polynomial given by 
It/2] (_l)k(2g _ 2k)!x~_2 k 
= (24) 
k=O 
equation (23) can be written in the following form, 
[,/21 (-1)k(2g - 2k)! fo bfo ~ 
k=0 
for a _< 1, equation (25) reduces to, 
[e/2l (-1)k(2t- 2k)! ~-, (v + (2/2) - k)m (-a2) m 
P~,,(a,b) =ab Z 2ekl--'~(g---~)!~:2k)! ~ m!(2m + 1) 
k=O m=O (26) 
( ( g ) 1 3_b2 ) x2F1 A m+v+-~-k  ,~;~; 
for A = 1, equation (26) results in, 
[t/21 (--1)k(2e--2k)! F, ( g 1 1 3 3 _b2" ~ 
P~,(a, b) = ab E 2ek!(g _ k)!(g - 2k)! 2 \v  + ~ - k, ~, ~; ~, ~; -a  2, ] . (27) 
k=O 
3. ANOTHER FAMILY  OF  RADIAT ION INTEGRALS 
We consider the family of integrals 
Y~2' (7, a, b) = da d~, (28) 
where #, v, A and A' are arbitrary constants except hat v # 0, -1, -2 , . . . .  
This formulation has the interesting characteristics of preserving the symmetry in the physical 
problem by considering the case where A and ~1 are equal. 
Let 
oo 
b) " b) ,  (29) t*,~, ~ ,a, = ~n,tt,t,i.a, 
rt~O 
where, 
A,A' (--1)n (#)n ~ob ~oa [ ] (n/2)-1 On,~,v(a , b) = n! (v)n aA + fl)'' + 1 da dfl, 
consider the integral I, 
b a 
A simple change of variables ~ = (c~/a) "x and ~ = (fl/b) "v leads to, 
Hence one gets, 
I=abF2(1  n 1 1 1 1 _a),,_b),, ) 
2, ~, ~7; 1 + ~, 1 + A--7; 
(30) 
(31) 
(32) 
n! (v)n a 2 2 ,A ,A -7 ; l+~, l+~7; -a  , -b  ~' • 0~'~' " b) (33) 
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Let us define, 
"J~')"" b) a ~ -v 1 da d~. t'e.~, (a, = + 13 )'' + 1 Pt ~/a )' + j3 ;~' + 1 (34) 
Substitution of equation (24) in equation (34) leads to, 
P~,. (a, b) 
It/ l /o ° k=0 
(35) 
With some simple transformations equation (35) can be written in the form: 
[e/2l n~,,x', b) ab ~ (- l lk(2e- 2k)! 
re,~ ~a, = 2tk.--~(£--~).t~--~-k) [ k=O 
( g 1 ~7 1 1 _a;~,_b~,, ) xF2 v+-~-k , -~ ,  ;1+ X,1 + ~--;; 
(36) 
4. SPECIAL CASES 
Consider the case a < 1. 
The integral I of equation (15) can be evaluated as follows: 
fifo a [ ~2 ](~/2)-1 I = (/32 ~_ 1)(~/2)(n-2) 1 + (~2 + 1)~ dad ' ,  (37) 
with some simple operations we arrive at, 
-~ ( -1)  k ( - (n /2 )  + 1)k a 2k+1 f0 b d/3 
I = kl(2k + 1) 032 + 1) ;~(k-n/2+l)" 
k=0 
(38) 
As 
we get, 
~o b ~2r-1 b2r F 
(Z2+1)¢ dZ=-~7~ ~ (; '~' l+~;-b~) r>O,  (39) 
(( ) ) I = ab E ( ( -n /2)  + 1)k (-a2) k n 1 3 k=o k!(2k+l)  2F1 ~ k -~+l  ,~;2 ;  -b2 
oo oo ( _~_2n)  ( ( -n  ) )  (1/2)k(1/2) m 
=abEE +1 A k -  -~-- + 1 
k=o m=O k m (3/2)k (3/2)m 
(-a2) k (-b2) k 
k! m! 
(40) 
(41) 
When A = 1 and n = 0, equation (40) coincides with [2, equation (1.6), p. 275]. 
For ~ = 1, equation (41) reduces to 
I=abF~(1 -n  1 1 3 3 -b 2) ~,~,~;~,~; -a  2, • (42) 
Hence, for A = 1, # = v, (14) reduces to: 
- -  ( - 3 3 a 2  ) Q~,t,,t,(a,b) = (-1)'~abF2 1 - 2' 1 1; 5 ' -2 ; -  ' -b2 
n! 2' ' 
(43) 
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which coincided with [9, equation (36) p. 409]. Setting n = 0, 1, 2, 3, 4; (43) takes the following 
form: 
( 1 3 3  _b2) Q~,t~,tt(a, b) = abF2 1, 1, 5; 5' 5; -a2' 
( !  1 !.3 3 
Q~,.,.(a, b) = -abF2 \2' 2' 2' 5' 5; -a2' ' 
ab Q~,t,,t.(a, b)= ~-, (44) 
-abF, ( 1 1 1 3 3 _a2,_b2 )Ql,g,g(a,b) = - -~ 2 - ' 2' 5; 2' 2; 
ab F, ( 1 1 3 3 _b2) ab ( a 2 ~)  Ql,g,~,(a,b) = ~ 2 -~. -~ -1 ,  5'-2; 5' 5; -a2' = 1 + + , 
for ~ = 0, equation (27) results in 
Pl,~.(a,b)=abF2 u, 5, 5; 5, 5;-a2, 
For u = 3/2, equation (45) takes the form: 
P~,(3/2)(a,b) = abF2 2' 2' 2' "2' 2' 
~/1 -4- a 2 A- b 2 2El ,1; 5; 1 -{- a 2 A- b 2 -- tan-1 
(45) 
ab (46) 
x/1 + a 2 + b 2' 
which is in agreement with the result obtained by Hubbell, Bach and Lamkin in [1], and by Kalla, 
Leubner and A1-Saqabi [9]. For e = 1, 2, 3, and u = 3/2 we get 
( 1 1 3 3 _a2,_b2) (47) P~,(3/2)(a,b) = abF2 2, 2' 2; 2' 2; 
3 (5 1 1 3 3 _a2,_b2)_ls in_ 1 ab (48) 
P1,(3/2) (a, b) = 5abF2 ' 5' 2; 5' 5; ~'(1 + a2)(1 + b2) ' 
5 F , (  1133 -b 2 ) 3F , (1133 2 ) Pl,(3/u)(a,b)=hab 2 3,5,5;5,5; -a2,  -hab 2 2,5 ,5 ;5 ,5 ; -a  , -b 2 , (49) 
comparison of equations (47)-(49) with equations (17)-(19) of [1], leads to the following identities: 
( 133  _a2,_b2) 1 ( ~ a a 
-/72 2,1,5;5,5;  ---- ~ab\x/ l+b 2tan- l -~+-x / l+a  2 
×tan-1 1-~+a2 ) ,  (50) 
(5133 ) 1 (ab  ( 1 1 )  
F2 '1"2;2'2;-a2'-b2 =~ab ~/ l+a2+b 2 ~ + ~  
ab ) (51) +tan-1  x / l+a  2+b 2 ' 
( 1133;_a2 ,_b2  ) 1 { b ( F2 3,~,~;~, =~ab ~ 1 + - -  2(1 + b 2) tan-1 
+ ~  l+2(1_i_a 2) tan-1 
+2(1+a " (52) 
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Comparison of equations (42) with equations (22) evaluate the integrals: 
( 1 1 3 3 2 _b2 ) 1 ~ob I a F2 1, 5, 5; ~, 5 ; -a  , =~-~ l~----~tan-l+ ~ dfl, 
(1  1 1 3 3 . _a  2 -b2) = 1 j~ob I sinh_ 1 a dfl, F2 
' ~' 5; 5' ~ ' '  ~ Vi  + ~2 14Y7~ 
(1  1 1 33  252  ) l j fob(ax/a2+j32+l  f12-+-I..-1 
F2 -5 '  2' 2; 2' 2 ; -a  , = a-b 2 + ~smn 
x d~. 
(53) 
(54) 
(55) 
For A = A' = 2 and # = v, (31) reduces to: 
2,2 -- n 1 1 3 3 On,,,,(a,b ) -  abF2 1-~,~,2 ,~,~; -a2 , -b2  (56) 
this case is identical to the case of the first formulation when A = 1, # = v, equation (43) which 
is in full agreement with the result obtained by Kalla, et al. in [9]. Consider the case A = ~' = 2, 
u = 3/2. 
It/2] 
2,2 ab E ( - - l )k (2~- -2k)F  (3  t? 1 1 3 3 ) P~,(3/2)(a'b) = + - 5; . . . .  a2' -b2 k=o 2tk!(g- k)!(g- 2k)! 2 5 k, 2, 2' 2' ' (57) 
setting g = 0, 1,2, 3, in equation (57) leads to equations (46)-(49) of the first formulation, which 
is in agreement with the result obtained by Hubbell, Bach and Lamkin in [1, equations (16)-(19), 
p. 126] and by Kalla, Leubner and A1-Saqabi in [9, equations (23)-(25), p. 408]. 
5. COMPUTER ALGORITHMS 
For the computation of Appel's function F2 it is written in the form: 
F2(a,13, t3'; 7, 7'; x, y) = -1 + 2Fl(a,/3;'~;x) + 2Fl(a,13'; 7'; y) + Eun(x ,Y ) ,  
n=2 
(58) 
where 
n-1  
Un(X,y) = (a)n ECk,n(x 'Y)  and u2(x,y) - a(a+ 1)j3/~' xy, (59) 
(~')k(~)~-k z~-kY k 
Ck,n(x,y)-  ('Y')k(7)n-k kV.-~---k-)! ' (60) 
~bk+l,n(x,y) (fl'+k) ( 'y+n- k -  I) (n -  k) y Z'(j3)n-1 xn-ly 
~bk,n(x,y) =(7 '+k)  ( /~+n-k -1)  (k+l )  x' ¢l '~-7'( 'y)n_l  (n - l ) ! '  (61) 
e1,~+1 (Z + n - i)x. Z~' (62) 
0i,n = n('y + n - 1)' ~Pl,2 = -~-ffxy. 
Tabulation have been made for Qn,~,,v(a, b), P~,~,(a, b)and I~ u(T a, b) for the first formulation and 
for On,u,,,)'"x' (a,b), P~,v'x'~' (a,b) and y~,~,,x' (T, a, b) for the second formulation for some selected values 
of the parameters. For some special values, entries of our tables coincide with data of existing 
literature [1]. The tabulated results are given in the form of six tables, which are available directly 
from the authors. 
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